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Abstract 

A novel approach to modelling pump and exchanger mechanisms is presented. In this approach, new 
thermodynamic expressions for the calcium pump, sodium-calcium exchanger and sodium-potassium pump 
are developed using statistical rate theory (SRT). This theory is well-defined and is not derived empirically. 
This is in contrast to previous thermodynamic pump expressions which used a simple linear relationship or 
relied on empirical data for their functional form. The functional form of these new expressions does not 
require assumptions of steady state or particular forms of voltage dependencies in specific steps. Also, the 
explicit reaction scheme is not required. Instead, assumptions of a rate-limiting step in the scheme and a 
near-equilibrium ratio of intermediate substrates are required. These expressions are incorporated into an 
overall model of gastric smooth muscle. This model presents a novel approach whereby thermodynamic 
representations for calcium pumps, sodium-calcium exchangers and sodium-potassium pumps have been 
included together in a model of ionic transport mechanisms for smooth muscle. Variations in basal metabolic 
concentrations are used to explain the observed amplitude variation in the transmembrane voltage of gastric 
smooth muscle. The interaction of the various mechanisms are used to illustrate the large depolarization 
obtained in smooth muscle with ouabain as well as the forward and reverse modes of the sodium-calcium 
exchanger. 

Keywords; Calcium pump; Sodium-calcium exchanger; Sodium-potassium pump; Nonequilibrium thermodynamics; Statistical rate 
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1. Introduction 

Ionic transport across excitable cell mem- 
branes occurs via channels, pumps and exchang- 
ers. Channels are voltage and/or ligand gated 
and movement occurs due to concentration and 
potential gradients. Pumps require energy and 
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work against the concentration gradient. The 
presence of pumps in the cell membrane is essen- 
tial for the proper functioning of the cell. They 
allow an asymmetric distribution of ionic concen- 
trations to be maintained which in turn is neces- 
sary for the generation of voltage oscillations. In 
this paper, we use a nonequilibrium thermody- 
namic approach, statistical rate theory (SRT) [ll, 

to develop expressions for the calcium pump, the 
sodium-calcium exchanger and the sodium- 
potassium pump. These active transport mecha- 
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nisms are then included in a model of the trans- 
membrane voltage in gastric smooth muscle. The 
oscillatory nature of gastric smooth muscle as 
well as the various ionic channels also form part 
of the model. 

There has not been extensive work done on 
the theoretical modelling of pumps and exchang- 
ers partry due to the difficulty in obtaining experi- 
mental data. This is in contrast to channels where 
modelling has been performed on molecular, sin- 
gle channel and whole cell levels. The modeIling 
of pumps and exchangers that has been done can 
be divided into essentially three major groups: 
First, there are the simple models for pumps 
which are diffusional in nature in that they ex- 
tend the Goldman-Hodgkin-Katz (GHK) volt- 
age equation by incorporating active transport 
systems in addition to the passive permeabilities 
that are already there (e.g. [2,31X Second, and the 
most common, there are models which use ex- 
plicit kinetic schemes which are analyzed in some 
detail, using forward and backward rates for each 
step (e.g., [4,5]). Third, there are models that rely 
on nonequilibrium thermodynamics to analyze the 
fluxes (e.g., [6,71X 

CaIcium pumps, sodium-calcium exchangers 
and sodium-potassium pumps are not usually 
considered together in models of excitable cells. 
Overall ionic transport models have either fo- 
cused on a particular active transport mechanism 
such as an explicit sodium-potassium kinetic 
scheme in a model of cardiac cells [8], or used 
simple relationships such as a linear dependence 
on the intracellular calcium for the calcium pump 
[9] or a one-way channel [lo]. In cardiac cells, the 
contribution of both sodium-potassium pumps 
and sodium-calcium exchangers have been con- 
sidered [11,12]. Pumps and exchangers work to- 
gether to maintain low intracellular concentra- 
tions of sodium and particularly calcium [13]. It is 
not possible to isolate their behaviour from the 
rest of the cell. A model is a convenient way to 
study the entire cellular system with its many 
interactions. For the model in this paper of the 
transmembrane voltage in gastric smooth muscle, 
it is not possible to consider only the sodium- 
potassium pump or the calcium pump or the 
sodium-calcium exchanger. The calcium pump 

and the sodium-calcium exchanger [14,15] are 
needed to maintain the low intracellular calcium 
concentration, and the sodium-potassium pump 
[16] removes sodium and brings in potassium to 
maintain their respective gradients. They must al1 
be dealt with in the model. In addition, evidence 
of metabolic regulation of the electrical activity in 
smooth muscle [17] increases the importance of 
including pump mechanisms in some detail. 

The expressions which we develop for the cal- 
cium pump, sodium-calcium exchanger and 
sodium-potassium pump use a common ap- 
proach: nonequilibrium thermodynamics de- 
scribed in terms of SRT. In application to rates of 
processes, SRT has led to an improved expres- 
sion for the rate of a broad range of processes, 
including chemical reactions [Ml, absorption at a 
liquid-gas interface [19], and absorption at a 
gas-solid interface [20]. The improved expres- 
sions generally give a higher rate in the period 
immediately after the process is initiated. The 
predictions in each case have been found to com- 
pare favourably with experimental data. Since 
pump and exchanger mechanisms are repre- 
sented as a series of chemical reactions or 
schemes, SRT can be used to determine their 
rates. 

We report the effects of the pumps and ex- 
changers in the model, as determined by a para- 
metric study of the membrane voltage in gastric 
smooth muscle. The interaction or coupling of 
the various mechanisms is theoretically based on 
the electrochemical potential. This is in contrast 
to the interaction between several kinetic schemes 
where the coupling would depend on the particu- 
lar step(s) chosen to be voltage dependent as well 
as the form of the voltage dependence. The aims 
of this paper are to develop new thermodynamic 
expressions for pumps and exchangers and to use 
these expressions in an overall model of gastric 
smooth muscle. We are handicapped by the lack 
of experimental data that can be used to evaluate 
the approach, but we note that the basis of our 
approach, SRT, has been examined for physical 
systems [18-201 for a range of processes. in each 
case, experimental support has been found. Thus 
we propose to determine what results can be 
obtained for a biological system using a theory 
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that works for nonequilibrium physical systems. 
This approach is considered as an alternative to 
that of explicit kinetic schemes. To simplify the 
presentation of the whole cell model, the passive 
transport mechanism have not been presented in 
detail here, but are discussed elsewhere [Zl]. The 
form of the equation used is shown in the ap 
pendix to the present paper. 

2. Gastric smooth muscle 

2.1 Description 

Muscular contractions in the mammalian 
stomach are governed by myogenic, neural and 
hormonal control systems. The myogenic control 
system causes the smooth muscle cells to produce 
periodic depolarizations or autonomous electrical 
oscillations which are known as the electrical 
control activity (ECA) or slow waves. The slow 
wave plays an important role in controlling the 
motility of the distal stomach and the intestines. 
It ‘primes’ the cells for contraction (pacemaker 
oscillations) in that the slow wave can trigger 
repetitive spike activity on top of the depolariza- 
tion, the strength of the contraction being related 
to the frequency of the spike bursts [221. 

The stomach can be divided into three regions: 
the fundus, the corpus and the antrum. In the 
fundus there are no electrical oscillations but 
there is an underlying resting membrane voltage. 
The corpus and the antrum both exhibit au- 
tonomous electrical oscillations [23]. When elec- 
trical activity from detached pieces of muscle is 
observed, the ECA in gastric smooth muscle from 
different regions of the stomach, varies in fre- 
quency, waveshape and magnitude. Szurszewski 
[23] points out two oppositely oriented gradients 
in the intrinsic magnitude of the membrane volt- 
age: in the aborad direction, the resting mem- 
brane voltage decreases, but the voltage ampli- 
tude and the maximum rate of rise of the up- 
stroke increases. 

Spontaneous rhythmic contractions of gas- 
trointestinal smooth muscle have been observed 
for a long time leading to questions such as where 

the site of generation of these oscillations is lo- 
cated and how and why these oscillations occur. 
The identification of the site of generation is 
controversial and is not helped by the structural 
complexity of smooth muscle, with extensive net- 
works of neurons and of interstitial cells of Cajal. 
An inner layer of circular muscle is surrounded 
by an outer longitudinal muscle layer. The indi- 
vidual cells in each layer are connected to each 
other via low resistance gap junctions which allow 
current to spread through the various layers. 

The oscillatory behaviour in smooth muscle is 
believed to be due to cytoplasmic or metabolic 
clock (for example, an oscillation in cyclic AMP 
and calcium) [24]. In a review, Connor [25] showed 
that the mechanisms which generate the electri- 
cal oscillations are quite closely coupled to 
metabolic processes. It was also found that 
ouabain depolarized the membrane by an amount 
which could exceed the slow wave amplitude. 
Experimental evidence suggests that these oscilla- 
tions are not generated by membrane voltage 
changes. In the guinea pig stomach [22,26], the 
slow wave was found to be generated by a voltage 
independent process which was believed to be 
metabolic. More recently, in canine colon smooth 
muscle [171, it was shown that a voltage change 
was not responsible for the generation of the 
upstroke potential of the slow wave. Slow waves 
were also found to be sensitive to metabolic inhi- 
bition [27]. Most importantly, slow waves are not 
preceded by a prepotential or gradual depolariza- 
tion, typical of membrane oscillators [22,25]. The 
slow wave rises abruptly from a steady resting 
membrane voltage. When smooth muscle is volt- 
age clamped it produces spontaneous inward cur- 
rents whose frequencies are identical to the free- 
running voltage oscillation. In most other mem- 
brane oscillators voltage clamping eliminates the 
rhythmical fluctuations in membrane current 
[25,28,29]. 

2.2 Active transport mechanisms 

The observed behaviour of smooth muscle has 
led to the development of a model in which the 
oscillatory behaviour is not generated by an inter- 
play of different channel types, but by an inde- 
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pendent clock mechanism [10,30]. The impor- 
tance of active transport mechanisms (due to 
their metabolic control) in smooth muscle sug- 
gests that these mechanisms should not be ex- 
cluded in any overall model of transmemhrane 
voltage in smooth muscle. The energy which drives 
the pump mechanisms is derived from the split- 
ting of adenosine triphosphate (ATP), a metabolic 
component whose concentration is not static. 
Therefore, we introduce the pump transmission 
coefficient to represent the oscillatory and nor- 
malized time-variation of metabolic components. 
At each instant in time, the metabolic concentra- 
tions are determined by the pump transmission 
coefficient (normalized value) times the particu- 
lar concentrations. An alternative is to use rate 
equations for the changing metabolic concentra- 
tions [31]. However, no specific data for smooth 
muscle is available for this option. 

The active transport mechanisms in the overall 
model are used to address four issues: (i> the 
effect of ouabain on the transmembrane voltage, 
(ii> the forward and reverse modes of the 
sodium-calcium exchanger, (iii) the observed gra- 
dient in the intrinsic magnitude of the transmem- 
brane voltage, and (iv> prepotentials. 

3. Theory 

3.1 Statistical rate theory 

The basic assumption of SRT is that single 
molecular events result in the transport of 
molecules from one phase to another 111. The 
quantum mechanical transition probability is used 
to predict the probability of a transition from one 
molecular distribution to another at a particular 
instant in time. This probability is expressed in 
terms of the appropriate number of microscopic 
states. According to the Boltzmann definition of 
entropy, the number of states available to a sys- 
tem is related to the entropy of the system: 

S(A,) =k In fl(A,) (1) 
where S is the entropy, A, is a molecular distribu- 
tion, k is Boltzmann’s constant and Cl is the 

number of microscopic states corresponding to 
the molecular distribution A,. For a macroscopic 
system, the rate at which the system would make 
a transition from molecular distribution Ai to 
molecular distribution Ai, j(hi, hj), is given by: 

j(Aj, hj) =K(A,, Aj) exp ! ‘(*j) - S(hi) 

k (2) 

where K(h,, hj) is the average rate of transfer 
from a microscopic state of hi to a microscopic 
state of Aj. The net rate of molecular transport 
from volume 6 to volume 5 is: 

jtL =K(hi, "j) exp 
'CAj) - ‘(*iI 

k 

-K(A,, Ah) exp 

The local equilibrium assumption is used within 
each phase to evaluate the entropy difference; 
the thermodynamic state of each of the small 
volumes (within volume t or f) can be described 
in terms of the local equilibrium variables of that 
small volume. However, equilibrium does not ex- 
ist between the two volumes 5 and f, The en- 
tropy of the system is taken to be the sum of the 
entropies of each of the small volumes. The Euler 
relation expresses the entropy in terms of the 
other thermodynamic properties. 

The temperature is assumed to be the same in 
volumes 6 and 5 with the individual volumes 
being constant. Energy transport of a single com- 
ponent is assumed to occur only between volumes 
,$ and 5, since it is only between these two vol- 
umes that exchange is taking place when the 
molecular distribution goes from Ai to hj. The 
net rate of molecular transfer from volume r to 
volume 5 becomes [l]: 

where 

a,,( 4) = w 
i 

~5, ~4 are the chemical potentials of species y in 
volume 5 or volume 5 and T is the temperature. 
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Finally, it is assumed that the average rate of 
transport between microscopic states of neighbor- 
ing molecular distributions is the same for all 
molecular distributions near global equilibrium. 
This yields: 

where j&J is the instantaneous molecular rate 
of transport between the volumes and Ksr(Ae4u,,) 
is the equilibrium exchange rate between vol- 
umes. The use of this equilibrium exchange rate 
does not imply that the rate of transfer is also at 
equilibrium. This assumption has been, the sub- 
ject of a number of different experimental inves- 
tigations [1,18-20,321. The nonequilibrium aspect 
of eq. (6) is due to the ‘6’ part of the equation. 
Nonequilibrium results from a different number 
of microscopic states, a, in the different molecu- 
lar distributions. 

3.2 Application of SRT to pump and exchanger 
modelling 

If a particular step in the pump or exchanger 
scheme is assumed to be rate-limiting, then the 
net rate of the reaction, j, (as determined by the 
rate-limiting step) is given by eq. (6): 

j=K(6-S-‘) (7) 

where K is the equilibrium exchange rate for the 
particular step and 

6 =exp 

FP, - cl-b 

i I RTr ’ (8) 

CrpI is the sum of the electrochemical potentials 
on the left side of the reaction and &.L, is the 
sum of the electrochemical potentials on the right 
side of the reaction [18]. For example for the 
reaction: 

A+B+C+D, (9) 

(10) 

(11) 

The electrochemical potential of component B is: 

pB=p.\(T, P, u) +RT In a,+z.F4 (12) 

where ~1’ is the reference chemical potential de- 
pendent on temperature CT), pressure (P) and 
soIubility cu), a is the activity, R is the gas 
constant, z is the valency, F is Faraday’s constant 
and 4 is the electrical potential. The other com- 
ponents (A, C, D) would have a similar form. 

The development of specific expressions for 
the calcium pump, the sodium-potassium pump 
and the sodium-calcium exchanger is now de- 
scribed. The calcium pump is developed first 
since it involves only one ionic species. Next, the 
sodium-calcium exchanger and then the 
sodium-potassium pump, where most of the pre- 
vious modelling has been done. 

3.2.1 The calcium pump 
Calcium plays a major role in the contraction 

of smooth muscle. The intracellular calcium is 
about four orders of magnitude less than extracel- 
lular calcium. Calcium pumps are known to exist 
in smooth muscle (33,341 and contribute to the 
maintenance of this low intracellular calcium con- 
centration. 

Proposed reaction schemes or enzyme cycles 
are present in the literature [13,35,36] and there 
is a one-to-one stoichiometry of calcium to ATP 
[13,36]. The reaction cycle (for erythrocyte en- 
zyme) is given by the following set of equations: 

ATP+E,+Cai+CaE,-P+ADP (13) 

CaE, -P+CaE,-P (14) 

CaE, m P = Ca, + E, + Pi (15) 

E 2=E, (16) 

where ATP, ADP, Pi are adenosine triphosphate, 
adenosine diphosphate and inorganic phosphate 
respectively, Ca,, Ca, are intracellular and extra- 
cellular calcium, respectively, and E,, E, are two 
different conformational enzyme states. The cal- 
cium ATPase found in smooth muscle is similar 
to erythrocyte calcium ATPase [34] so that the 
enzyme reaction cycle most likely applies to 
smooth muscle also. The enzyme exists in two 
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different states E, and E, corresponding to two 
different conformations on opposite sides of the 
membrane. The formation of CaE, N P is ender- 
gonic but the reaction would be pulled in the 
direction of formation of E, and Pi by the strongly 
exergonic character of step (151, which wouId 
drive the entire reaction cycle [35]. 

If the overall reaction scheme is at equilib- 
rium, it can be reduced to the single reaction: 

ATP + cai = ADP + Pi + a, (17) 

which thermodynamically implies: 

The electrochemical potentials are defined as: 

~ATF~~TP(~, 6 PI + RT In uATP (19) 

pmp =/-&dT, f’, v> +RT In aADp (20) 

pp, = I-&T, P, u) + RT In ap, (21) 

pea, = &,i(T, P, v) + RT In aca, + 2F@ (22) 

CL&, =&,jT, P, v) SRT In Q,~+~F@ (23) 

where p” is the reference electrochemical poten- 
tial dependent on temperature CT), pressure (P> 
and solubility (u), a is the activity and 4 is the 
electrical potential, F is Faraday’s constant and 
R is the gas constant. The equilibrium voltage for 
the calcium pump is given by: 

WPIV’, lDlc 
[ATPIlCal, 

+( !&, - cLOca,)+(CIOADP+CLOp,--~TP) 
RT (24) 

where Vca,p = (4’ - @Iequi, is the equilibrium 
voltage for the calcium pump or the voltage at 
which the calcium pump current density changes 
direction. The activities and the concentrations 
are assumed to be the same. 

Statistical rate theory is used to obtain an 
expression for the rate of a particular step, such 
as step (131, which is chosen as the rate-limiting 
step. The net rate of reaction (131, j is given by 

eq. (71, where K is the equilibrium exchange rate 
of the reaction (13), and 

! 

The rest of the steps in the reaction scheme are 
approximated to be near equilibrium with respect 
to the rate-limiting step. They can be reduced to: 

Ca n,_r=Ca,+P,+E, 

which imphes: 

CI.Ca,+ =ka,+hJi+~E, 

and 

(26) 

(27) 

(28) 

In eq. (251, if we assume that 

( [c:Fy P] ] = ( ,c$! PJ& (29) 

then eq. (28) (an approximate equilibrium situa- 
tion), can be substituted into eq. (2.5) to obtain an 
approximation to S, say 6’: 

xexp([(~~~p-pO,,~-CLO,i) 

+ (&a, - &a,) + Wm] /RT> (30) 

where V, = b’- 4” is the transmembrane volt- 
age. Thus, the rate of the overall reaction, jcap, 
as determined by the chosen rate-limiting step,‘6 
given by: 
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where 

6 Ca,p = Kpump 
i c 

Xexp ( 1 
+(& 

and &ap is the equilibrium exchange rate for 
the reaction (131, and K~,,,,,~ is the pump trans- 
mission coefficient or the oscillatory and normal- 
ized time-variation of metabolic components dis- 
cussed above. This time-variation K~,,~~, could 
refer to [ATPI, [ADP] and [Pi1 or to some combi- 
nation of them such as the ratio of [ATP] to 
[ADP]. Since the reaction cycle results in the 
extrusion of one calcium ion, the calcium pump 
current density JCa,p, is: 

_l C&P = 2%.$Ca.p - &A) (33) 

where outward current density is positive. As 
mentioned earlier, the nonequilibrium is due to 
the “a” part of the eq. (31) and in eq. (32) can be 
seen to be due to concentration and voltage 
changes and intracellular and extracellular solu- 
bility differences. 

Equation (31) was obtained by choosing step 
(13) as the rate-limiting step. If we chose step 
(15) (or any other step in the scheme) as the 
rate-limiting step, we would have obtained the 
same functional form as eq. (31) except that KCa,p 
would be the equilibrium exchange rate for step 
(15) and the required assumption would be: 

( ‘CaZz; ‘1) = ( [Ca& p])cqU,,. (34) 

In other words, the functional form of eq. (31) 
does not depend on the choice of the rate-limit- 
ing step. 

3.2.2 The sodium-calcium exchanger 
The sodium-calcium exchanger is another 

mechanism which is responsible for controlling 
intracellular calcium. Its stoichiometry is found to 
be 3 : 1 for Na : Ca and ATP is not considered to 

play a direct role [37,38]. There is experimental 
evidence for the presence of a sodium-calcium 
exchanger in smooth muscle [39,40]. 

For the exchanger there is a general scheme of 
Stein [41] which was developed for antiporters or 
exchange-only carriers. Johnson and Kootsey [41] 
proposed a minimum mechanism for the 
sodium-calcium exchanger whose behaviour 
qualitatively agreed with experimental data. 
Overall, the reaction is: 

3Na, + Ca; + 3Na, + Ca, (35) 

where Nai, Na, are intracellular and extracellu- 
lar sodium, respectively. Equilibrium of the equa- 
tion implies: 

pNa, = &,i(T, p, U) + RT In aNai + F4’ (37) 

PNa, = ,uta,(T, P, V) +RT In uNa, + F$e. (38) 

The equilibrium voltage for the sodium-calcium 
exchanger is: 

(39) 

where VNaCa e = (4’ - @leqUi, is the equilibrium 
voltage for the sodium-calcium exchanger or the 
voltage at which the current density of the ex- 
changer changes direction. The activities and 
concentrations are assumed to be the same. At 
equilibrium, if there is no difference between the 
sodium and calcium extracellular and intracellu- 
lar reference potentials, that is, the temperature, 
pressure and solubilities are the same, then: 

This relationship is commonly found in the litera- 
ture (e.g. [13]) for the more general situation of a 
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n: 1 stoichiometry for the sodium-calcium ex- 
changer, i.e., 

In the absence of specific experimental data 
for smooth muscle, a rate-limiting step in the 
mechanism is assumed. In this way, the same 
procedure as used for the calcium pump could be 
used to obtain an expression for the sodium- 
calcium exchanger current density. The proce- 
dure is the following: (i) A step in the scheme is 
chosen to be rate-limiting so that the rest of the 
reaction scheme is near equilibrium with respect 
to the rate-limiting step, (ii) some ratio of inter- 
mediates, such as substrates adsorbed onto the 
enzyme, is assumed to be approximately equal to 
its equilibrium value, (iii) SRT then gives the net 
rate of the rate-limiting reaction, which is the 
rate of the overall reaction scheme. For the 
sodium-calcium exchanger, the rate of the over- 
all reaction, jNaCa,e, is: 

JNaCa,e =K NaCa,e NaCa,e - %&a,e) 
where 

(42) 

Xexp ( 3(~~0,,,-~LONa,)+(~LOCa,-CLOCa,)-FV, 

RT 1 

(43) 

and &i&a,e is the equilibrium exchange rate for 
the rate-limiting step in the reaction scheme. In 
this case, the reaction cycle results in the extru- 
sion of one calcium ion and the intrusion of three 
sodium ions. Thus, the current density of the 
sodium-calcium exchanger, JNaCa,_ is: 

J NaCa,e = -FK NaCa,e (8 NaCa,e - &&a,e) * (441 

3.2.3 The sodium-potassium pump 
Finally, we consider the sodium-potassium 

pump where most of the modelling work has 
been done. More detail is known about a reaction 
scheme for the sodium-potassium pump than ei- 

ther the calcium pump or the sodium-calcium 
exchanger. For example, there is the Albers-Post 
model used by L;iuger and Ape11 [43] and the 
Guidotti scheme used by Chapman et al. [5]. A 
major consideration in kinetic analyses is deter- 
mining the voltage dependences of the forward 
and backward rates in each step of the particular 
scheme. Thermodynamic approaches require ex- 
plicit expressions for the unidirectional reaction 
rates to determine the flux induced by the 
sodium-potassium pump. Chapman et al. [61 used 
a formulation which was based on experimental 
observations, and Rapoport [7] used a nonequi- 
librium thermodynamic approach which assumed 
that the pumping rate depended linearly on how 
far the reaction was removed from equilibrium. 
DeWeer [44] has found this assumption to be 
unsatisfactory since “enzyme reactions are, in 
general, not driven at rates proportional to their 
driving force, especially when far from equilib- 
rium”. 

This assumption is not required with SRT. The 
latter theory was derived using quantum and sta- 
tistical mechanics, and the functional form of the 
rate expressions are neither determined empiri- 
cally nor assumed to depend linearly on how far 
the reaction is removed from equilibrium. For the 
sodium-potassium pump, we consider the reac- 
tion cycle of Guidotti, taken from Chapman et al. 

Fl: 

E*ATP+ 3Na i + Na,E . ATP (45) 

Na,E * ATP + Na,E * P + ADP (46) 

Na,E - P + E’P + 3Na, (47) 

E’P + ZK, = K,E’ + Pi: (48) 

K,E’+ATP +K,E.ATP (49) 

K,E*ATP+EeATP+2& (50) 

where Ki, K, are intracellular and extracellular 
potassium respectively and E, E’ refer to confor- 
mationally distinct forms of the enzyme. The 
overall reaction is: 

ATP + 3Nai + 2K, +ADP+Pi+3Na,+2Ki. 
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Equilibrium of the equation implies: 

lLATP + 3L%i + 2/LK, 

= CLADP + CL Pi + 3pNa, + 2pKi 

where 

(52) 

pLK, = &.( T, P, u) + RT In aK, + F# (53) 

PK,=&~T, P, ~1 +RT ln qc,+W (54) 

which gives the equilibrium voltage for the 
sodium-potassium pump: 

V NaK.p 

(55) 

where VNaK p = (4’ - c$~)+, is the equilibrium 
voltage of ihe sodium-potassium pump or the 
voltage at which the sodium-potassium pump 
current density changes direction. The activities 
and concentrations are assumed to be the same. 

The rate-limiting step in Guidotti’s scheme is 
chosen as the extrusion of sodium, step (471, since 
this is considered to be the slowest step [5]. The 
rate of the overall reaction, jNaK,p, as determined 
by the rate-limiting step is: 

JNaK,p =K NaK,p P N%P - &:K,p) (56) 

where 

and KNaK,p is the equilibrium exchange rate for 
the reaction with: 

Similar to the calcium pump formulation, we 
include the pump transmission coefficient, K,,,,,,,~, 
which represents the oscillatory and normalized 
time-variation of metabolic components. The re- 
action cycle results in the extrusion of three 
sodium ions and the intrusion of two potassium 
ions. The current density of the sodium-potas- 
sium pump, JNaK_p, is: 

J NaK,p = FKNaK,p(SNaK,p - ‘ii:,,,). (59) 

Again, as described for the calcium pump, differ- 
ent choices for the rate-limiting step would not 
change the functional form of the expression. 

The procedure used to obtain the pump and 
exchanger expressions assumed a rate-limiting 
step in the reaction scheme. However, the func- 
tional form of the obtained expression is indepen- 
dent of the particular rate-limiting step. This 
implies that if different physiological conditions 
resulted in different rate-limiting steps, the ex- 
pressions obtained would not change. What does 
change is the ratio of intermediates that is as- 
sumed to be close to equilibrium and the equilib- 
rium exchange rate value, K. 

4. Whole cell model 

To determine how the pumps and exchangers 
contribute to the cell membrane voltage, an over- 
all model of gastric smooth muscle is developed. 
In this model, the ionic channeIs are described by 
a generalized GHK current equation 1211. This 
generalization allows nonequilibrium to exist at 
the bulk/channel interfaces. The oscillatory na- 
ture of the electrical control activity in gastric 
smooth muscle forms an integral part of the 
model. The oscillations in the model are not 
generated by membrane events such as an inter- 
play of two separate channels (which lead to 
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alternating phases of depolarization and hyperpo- 
larization in the voltage waveform). The oscilla- 
tions are metabolic, and the ATP concentration 
or some combination of metabolic components 
(which are parameters in the pump expressions) 
are assumed to oscillate. The subcellular or 
metabolic clock is modelled by two nonhnear 
differential equations [30] which directly affect 
the pump and channel mechanisms via transmis- 
sion coefficients, For the channels, the transmis- 
sion coefficient represents the fraction of open 
channels in the cell. For the pumps, the transmis- 
sion coefficient represents a normalized variation 
in the metabolic concentrations. 

The gastric smooth muscle model incorporates 
the following mechanisms: (i) voltage-dependent 
calcium channels, (ii) voltage-dependent potas- 
sium channels, (iii) calcium-dependent potassium 
channels, (iv> voltage-dependent sodium chan- 
nels, (v) calcium pumps, (vi) sodium-potassium 
pumps, and (vii) sodium-calcium exchangers. The 
inclusion of the new thermodynamic expressions 
for the active transport mechanisms allow dy- 
namic interactions to occur between the calcium 
pump, the sodium-calcium exchanger and the 
sodium-potassium pump via the voltage, intracel- 
lular and extracellular concentrations, metabolic 
components and the energy available from ATP 
splitting. These interactions arise naturally from 
the electrochemical potential. This is in contrast 
to interactions between several kinetic schemes, 
say, where the coupling would depend on the 
particular step(s) chosen to be voltage dependent 
and the form of the voltage dependence. The 
pump or exchanger’s behaviour alone is difficult 
to study experimentally because of a lack of spe- 
cific inhibitors and its interaction with other ionic 
transport mechanisms. 

The model is given by the following equations: 

where C, is the specific membrane capacitance, 
V, is the membrane voltage, t is time, Bionic is 

the total ionic current density, and J,, JK(Caj, 

&,, JNa! J&,&p, Jca,p, JNaca,e are the potassium, 
calcium-dependent potassium, calcium, sodium, 
sodium-potassium pump, calcium pump and 
sodium-calcium exchanger current densities, re- 
spectively. The expressions for the channel cur- 
rent densities are given by a generalized form of 
the GHK current equation and their form is 
shown in Appendix A. 

The intracellular concentrations change ac- 
cording to: 

d[KIi 
- = ; ( -jK -&h) + 2JNaK,p) dt 

d[Na]i 1 

(62) 

(63) 

- = G ( -JNa - 3JNaK,p - 3JNaCa,e) dt (64) 

where [K]i, [Cal,, [Na]i are the intracellular con- 
centrations of potassium, calcium and sodium 
respectively, F is Faraday’s constant, p is the 
volume/surface area of the cell, and f is the 
ratio of free to total intracellular calcium. The 
extracellular bulk concentrations are assumed to 
change negligibly. 

The form used for the pump transmission co- 
efficient is: 

KPumP 
= a + u1 + u* 

tanh( be) 
\j2 c 

x tanh(d(8-e)) + 1 

2 (65) 

where 13 = arctan(u,/u,>; U, and uz are the clock 
variables determined by the following differential 
equations: 

d% 
-=w[u,+u,(l-u;-u;>j 
dt 

du, 
-=w[-u,+u,(l-u:-uz,)], 
dt (67) 

where w is the intrinsic frequency of the wave- 
form. At this stage, ur and u2 have not been 
identified with physiological components in the 
model, but are assumed to be related to oscillat- 
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Table 1 

The parameter values used in the model 

Parameter 

[Nali,l.ltial 
Dli initial 

Units 

mh4 
mM 

[KIi,iLtial 
WI, 
[Cal, 
[Kl, 
[ATPI 
[ADPI 
[PiI 

mM 
mM 
mM 
mM 
mM 
mM 
mM 

K 
cm 
cm 
caunts/min 
F/cm2 

mol/cm’ s 
mol/cm’ s 
mol/cm’ s 
fl0lle 

none 
none 

(K pump): a, b, c, 4 e 

f none 

Value 

19.0 
2.0x 10-4 
100.0 
137.0 
2.5 
6.0 
4.99 
4.95 
0.06 

310.15 
10-6 
1.5 x 10-4 
4.0 
2.0x 10-6 

2.6x10-‘2 
8.0x10-” 
4.0x10-” 
16.2 
0.0 
0.0 
0.0 

0.05, 7.0, 7.0, 
- 0.6, 2.0 

0.0002 

ing components such as cyclic nucleotides. Pa- 
rameters a, b, c, d, e determine the shape of the 
transmission coefficient: a represents the basal 
value of the transmission coefficient or the nor- 
malized concentration of metabolic components 
during rest, b and d influence the upstroke and 
downstroke of the transmission coefficient re- 
spectively, while c and e mainly affect the magni- 
tude and width of the transmission coefficient, 
although b and d also pIay a role. 

The parameter values used are shown in Table 
1 (parameters for the channels are not shown). 
[ATP], [ADP], [Pi] are taken from Chapman et al. 
[51, and sodium, potassium and calcium concen- 
trations are taken from Casteels [161. Using a 
sodium-potassium reversal potential of - 200 mV 
and a free energy of ATP splitting of - 19RT, 
both approximated from DeWeer [441 and Chap- 
man [451, (CL~~~ - pomp - ,u”,,) is 16.2RT. Lucch- 
esi et al. [14] have shown that the low levels of 

cytosolic calcium that exist in resting smooth 
muscle could be maintained solely by the opera- 
tion of the plasmalemmal calcium pump. They 
obtained a transmembrane flux of 3.47 x lo-l3 
mol/cm2 s for the ATP-dependent calcium trans- 
port. Using similar conditions in our expression 
for the calcium pump, a value of about KCa,p = 8 
x lo-‘3 mol/cm’ s is obtained. Casteels [16] 
obtained 22.2 pmol/cm* s of sodium efflux via 
the sodium-potassium pump and Baker [37] ob- 
tained values of lo-20 pmol/cm’ s of calcium 
efflux via the sodium-calcium exchanger. Using 
K NaK,p = 2.6 x lo-” and KNaCa,e = 4.0 x lo-” 
moI/cm2 s in the model gives basal values of 42 
pmol/cm3 s of sodium efflux via the sodium- 
potassium pump and 13 pmol/cm’ s of calcium 
efflux via the sodium-calcium exchanger. There 
are many changing parameters (for example, the 
ionic and metabolic concentrations and voltage) 
so that a strict comparison is not possible. How- 
ever, the chosen values of F&_,, KNaK,p and 
K NaCa,e are in agreement with the fact that car- 
rier rates are known to be faster than pump rates 
[46]. In the absence of specific experimental data, 
it is assumed that there are no solubility differ- 
ences between the intracellular and extracellular 
concentrations, i.e., ~7, - ~7~ = 0 for I = 
Na, Ca, K. The parameters of the pump trans- 
mission coefficient (eq. 6.5) are not specifically 
obtained from experimental data, since variations 
of metabolic components in smooth muscle have 
not been determined quantitatively. In general, 
current-voltage experimental data is not avail- 
able for active transport mechanisms in smooth 
muscle due to difficulties with the experimental 
preparation and the lack of specific inhibitors. 

5. Simulation results 

The differential equations of the model, eqs. 
(601, (621, (631, (641, (661, and (67) are simultane- 
ously solved in a dimensionless form by using 
LSODE, a double precision subroutine capable of 
handling stiff systems of first order ordinary dif- 
ferential equations which is based on the Gear 
method [47]. The underlying processes can be 
described as follows: The electrical activity is 
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Fig. 1. (a) The voltage waveform of gastric smooth muscle, 
and(b) the pump transmission coefficient used. 

initiated by a metabolic or subcellular clock which 

is reflected through the pump and channel trans- 
mission coefficients. Calcium and sodium ions 
move into the cell via their respective channels 
causing the cell to depolarize. Potassium also 
starts to move out via voltage and calcium gated 
channels. Due to its slower kinetics, the cell does 

Fig. 2. (a) The calcium pump current density, (b) the 
sodium-calcium exchanger current density, and (c) the 

sodium-potassium pump current density. 
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not repolarize, but creates a rapid upshoot fol- 
lowed by a plateau region. The calcium channel 
kinetics change and the channels start to close, 
allowing the potassium ions to dominate and re- 
polarize the cel1. The movement of the ions are 
also affected by pumps and exchangers which 
work to maintain the ionic gradients in the cell. 

The waveform obtained is shown in Fig. la 
and the pump transmission coefficient used is 
given in Fig. lb. The current densities for the 
calcium pump, the sodium-calcium exchanger 

T”“,““,““, 

8 
I 

10 15 20 25 

Time (s) 
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a = 0.02, dashed line b 
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Fig. 3. (a) The voltage waveform with the a pump transmis- 
sion coefficient parameter (or basal value) decreased from 
0.05 to 0.02, (b) the pump transmission coefficient with its a 

value decreased from 0.05 to 0.02. 

c = 7.0. solid line 
c = 4 0. dashed line 

0 a 

Time (s) 

I ” ” I ” 
c = 7.0, solid line 
c = 4 0. dashed line 

b 

10 15 20 25 

Time (s) 

Fig. 4. (a) The voltage waveform with the c pump transmis- 
sion coefficient parameter decreased from 7.0 to 4.0, and (b) 
the pump transmission coefficient with its c value decreased 

from 7.0 to 4.0. 

and the sodium-potassium pump are shown in 
Fig. 2a-c, respectively. The positive and negative 
current densities for the sodium-calcium ex- 
changer illustrate its ability to change modes and 
move calcium and sodium both in and out. The 
voltage waveform compares well with that ob- 
served in gastric smooth muscle (human antrum) 
[48] with a plateau amplitude of about 30 mV and 
a resting membrane voltage of about -65 mV 
and an upshoot of about 5 mV. 
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To illustrate the effect of the pumps and ex- 
changers in the model, parameter changes are 
made in: (i) the pump transmission coefficient, 
K~,,~~, (ii) the equilibrium exchange rates, 

K KNaKp, Kriacae and (iii) [ATP] and the 
en:& released fro& ATP splitting. 

When the parameters in the pump transmis- 
sion coefficient, eq. (69, are changed, we find the 
following: The basal value, a, affects the ampli- 
tude, b affects the upshoot, c affects the upshoot, 
amplitude and resting voltage, d affects the rest- 
ing voltage and amplitude and e affects the 
plateau and resting voltage (Fig. 3-5). 

Figure 3a illustrates the effect on the mem- 
brane voltage when the basal value, a, is reduced 
from 0.05 to 0.02. The pump transmission coeffi- 
cient is shown in Fig. 3b for the same changes in 
the basal value, a. As may be seen in Fig. 3a, 
there is a decrease in the amplitude accompanied 
by a depolarizing change in the resting level, as a 
result of the change shown in Fig. 3b. 

In the stomach, there is an observed amplitude 
variation [231: In the forad direction, the ampli- 
tude decreases and the resting voltage depolar- 
izes. These two observations are shown in the 
model: As the value of a decreases, the ampli- 
tude decreases and the resting voltage depolar- 
izes. This suggests that the effects are not inde- 
pendent and that the observed gradient is due to 
different resting levels of metabolic components. 

Figure 4a illustrates the effect on the mem- 
brane voltage when c (of eq. 65) is decreased 
from 7.0 to 4.0. Figure 4b shows the pump trans- 
mission coefficient for the c parameter change. 
Changing the c value can cause a prepotential in 
the membrane voltage, as shown in Fig. 4a. 

Cells whose voltage oscillations are generated 
by membrane events show prepotentials in the 
waveform as the threshold for action potential 
generation is approached. As shown here, when a 

Fig. 5. (a) The voltage waveform with the b pump transmis- 
sion coefficient parameter decreased from 7.0 to 4.0, (b) The 
voltage waveform with the d pump transmission coefficient 
parameter increased from -0.6 to -0.4, and Cc) the voltage 
waveform with the e pump transmission coefficient parameter 

increased from 2.0 to 1 .O. 
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prepotential is present in the voltage waveform, 
the oscillations are not necessarily generated by 
membrane events, but could be due to metabolic 
or subcellular events. 

The effect of changing the equilibrium ex- 
change rates of the pumps and exchanger is shown 
in Figs. 6a-c. The calcium pump exchange rate, 

Kc%p7 is decreased from 8.0 x lo-l3 to 8.0 x 
lo- 4 mol/cm2 s in Fig. 6a, the sodium-potas- 
sium pump exchange rate, KNaK,p, is decreased 
from 2.6 x 10VL2 to 2.6 x lo-l3 mol/cm2 s in 
Fig. 6b, and the sodium-calcium exchanger ex- 
change rate, KNaCa e, is decreased from 4.0 x 

lo-” to 4.0 x lo-‘* mol/cm’ s in Fig. 6c. De- 
creasing KCa,p depolarizes the waveform, since 
less calcium is being extruded. Decreasing KNaCa,e 
causes an after-hyperpolarization in the wave- 

form. Decreasing KNaK,p hyperpolarizes the 
waveform. 

Since the sodium-potassium pump has a net 
outward current, one might expect a decrease in 
K NaK,p to decrease the outward current and cause 
a depolarization in the waveform, However, there 
is a hyperpolarization in the waveform. Decreas- 
ing KNaK,p does decrease its outward current 
density. Due to the smaller sodium-potassium 
pump current density, the sodium-calcium ex- 
changer current density decreases since less 
sodium is being removed by the pump so that less 
needs to be brought in by the exchanger. How- 
ever, as less sodium is brought in by the ex- 
changer, less calcium is removed by the ex- 
changer so that the calcium pump current density 
increases to extrude the calcium. The increased 
outward calcium pump current density causes a 
hyperpolarization in the membrane voltage. This 
nicely illustrates the importance of the interac- 
tions between the various mechanisms. If the 
calcium pump and the sodium-calcium ex- 

Fig. 6. (a) Tbe voltage waveform with the equilibrium ex- 
change rate of the calcium pump decreased from 8.0X lo-l3 
to 8.0X lOWI4 mol/cm’ s. (b) The voltage waveform with the 
equilibrium exchange rate of the sodium-potassium pump 
decreased from 2.6 X lo-” to 2.6 X lo-l3 mol/cm’ s. (c) The 
voltage waveform with the equilibrium exchange rate of the 
sodium-calcium exchanger decreased from 4.0~ lo-” to 4.0 

X lo-‘* mol/cm’ s. 
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changer were not present in the model, decreas- 

ing KNaK.p would necessarily depolarize the 
membrane voltage. 

With the pump and exchanger expressions, 
exchange rate changes in one mechanism affects 
the others. For example, decreasing KG,p neces- 
sarily decreases the calcium pump current den- 
sity, but it also increases the sodium-calcium 
exchanger current density, that is, since the cal- 
cium pump is not as ‘strong’, the exchanger must 
work harder to extrude calcium. In turn, this 
causes more sodium to move into the cell so that 
the sodium-potassium pump must work harder 
to remove the sodium. 

Increasing the ATP concentration or the 
amount of energy released from ATP splitting 
hyperpolarizes the membrane voltage. The effect 
on the membrane voltage when [ATP] is in- 
creased from 4.99 to 7.425 mM is shown in Fig. 
7a. When the energy released from ATP splitting 
is increased from 16.2RT to 17.2RT, the effect 
on the membrane voltage is shown in Fig. 7b. A 
higher concentration of ATP provides more en- 
ergy for the pumps as does an increase in the 
energy released from ATP splitting. Since both 
pumps have an outward current density, more 
energy increases this current density and hyper- 
polarizes the membrane voltage. In the case where 
the energy released from ATP splitting is in- 
creased a prepotential is also apparent. 

The importance of active transport mecha- 
nisms in sodium-calcium interactions has been 
recognized [491. Blocking the sodium-potassium 
pump with ouabain can cause a membrane depo- 
larization of lo-15 mV or a depolarization to the 
level of the slow wave amplitude [22,29,49,50]. In 
addition, a probable link between membrane hy- 
perpolarization and the activation of a calcium 
pump in the plasma membrane has been found 
1511. More recently, the inhibition of calcium ex- 
trusion (calcium pump and sodium-calcium ex- 
changer) was found to significantly inhibit smooth 
muscle relaxation [52]. This suggests that without 
the calcium pump, the cell would remain in a 
depolarized state. 

The effect of ouabain is not simulated by de- 
creasing KNaK,p, the equilibrium exchange rate of 
the sodium-potassium pump, alone. As shown in 
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Fig. 7. (a) The voltage waveform with [ATP] increased from 
4.99 mM to 7.425 mM, and (b) the voltage waveform with the 
energy released from ATP splitting increased from 16.2RT to 

17.2 RT. 

Fig. 6b, this leads to a hyperpolarization of the 
waveform. However, a depolarization is obtained 
if the concentration of ATP or the amount of 
energy released from ATP splitting is decreased 
(Fig. 7). This suggests that the large depolariza- 
tion obtained with ouabain is due to its effect on 
ATP. In other words, ouabain blocks the 
sodium-potassium pump by its effect on ATP 
rather than on KNaK,p, the equilibrium exchange 
rate. Blocking sodium channels with TTX does 
not significantly affect the waveform [22,481, 
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whereas calcium channel blockers are known to 
suppress the plateau voltage [23,481. This implies 
that sodium is not as major a player as calcium. 
Our simulations suggest that the large depolariza- 
tion obtained with ouabain is due to its effect on 
ATP which not only affects the sodium-potas- 
sium pump but also the calcium pump which 
causes the depolarization. For this effect, the 
natural coupling that occurs between the active 
transport mechanisms is critical. 

6. Discussion 

In this paper we have presented a novel ap- 
proach whereby thermodynamic representations 
for calcium pumps, sodium-potassium pumps and 
sodium-calcium exchangers have been included 
together in a model of ionic transport mecha- 
nisms for smooth muscle. Variations in basal 
metabolic concentrations were used to explain 
the two oppositely oriented gradients in the in- 
trinsic magnitude of the membrane voltage and 
to show that these gradients are not independent. 
Coupling between pump and exchanger mecha- 
nisms is not hypothesized, but arises as a natural 
consequence of the electrochemical potential. 
This coupling has provided a possible explanation 
for the large depolarization obtained with 
ouabain: Ouabain blocks the sodium-potassium 
pump by its effect on ATP, which also affects the 
calcium pump. The sodium-calcium exchanger is 
known to exhibit several modes of operation [e.g. 
371. In our mode1 of smooth muscle, the forward 
and reverse modes have arisen as a natural con- 
sequence of the interactions within the model. 

Active transport mechanisms are needed in 
the cell membrane to maintain the asymmetric 
distribution of ionic concentrations. Without these 
mechanisms, the concentration gradients would 
run down and the cell would soon lose its ability 
to produce voltage oscillations. Experimentally, it 
is difficult to isolate and study pumps and ex- 
changers and there is a lack of molecular infor- 
mation, e.g., the sodium-calcium exchanger pro- 
tein has not yet been characterized and inhibitors 
have not yet been found [13]. A model offers a 
possible alternative to study these mechanisms. A 

model has the added advantage that it can dy- 
namically consider all the mechanisms in the sys- 
tem. This is important since a pump or exchanger 
is not meant to function in an isolated environ- 
ment. In smooth muscle, the added importance of 
metabolic components in the generation of oscil- 
lations increases the need to include these mech- 
anisms in some detail, despite the lack of specific 
experimenta data. 

Most of the modelling approaches have fo- 
cused on the sodium-potassium pump, since this 
is where most of the work has been done, and 
explicit reaction schemes have been developed. 
In performing a kinetic analysis of an explicit 
reaction scheme, it is necessary to know the for- 
ward and backward rates of each step. A steady- 
state situation is assumed in order to solve the 
system of equations (e.g. [51). A net flux occurs by 
inclusion of voltage dependencies in one or more 
steps of the reaction cycle. The voltage depen- 
dence is usually assumed to take the form of a 
symmetric Eyring barrier (e.g. [4j). The assump- 
tions that have been used by those performing 
kinetic analyses of explicit reaction schemes are: 
(i) steady state, (ii) the form of voltage depen- 
dence, and (iii) the step(s) in which voltage de- 
pendence occurs. 

In our approach, nonequilibrium thermody- 
namics is used to develop expressions for the 
pump and exchanger current densities. SRT gives 
a functional form for the net rate of the reaction. 
This functional form is not empirically derived 
and does not rely on assumptions such as a linear 
dependence on how far the reaction is removed 
from equilibrium. Instead, SRT has its basis in 
quantum and statistical mechanics. In this ap- 
proach, neither steady state nor the form and 
location of voltage dependence are assumed. The 
functional form of the voltage dependence is due 
to SRT (by its presence in the electrochemical 
potential) and there is no need to assume a 
symmetric Eyring barrier. The assumptions made 
are: (i> the presence of a rate-limiting step in the 
reaction scheme, and (ii) a ratio of intermediate 
substrates that does not vary significantly from its 
equilibrium ratio. Under these conditions, the 
explicit reaction scheme is not required to obtain 
the pump or exchanger current density expres- 
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sion. However, information on these reaction 
schemes is needed to determine whether the re- 
quired assumptions are valid. This advantage has 
allowed us to obtain expressions not only for the 
sodium-potassium pump, but also the calcium 
pump and the sodium-calcium exchanger. 

This thermodynamic approach assumes that 
there is a rate-limiting step in the reaction 
scheme. This is a strong assumption, but at pre- 
sent, there is insufficient evidence to exclude this 
possibility. In a detailed physical mechanism for 
the sodium pump, Levitt [531 took the approach 
that the enzyme cycled through only three kinetic 
states during the normal operation of the pump 
and that one of the transitions was rate-limiting. 
In the interpretation of steady state current-volt- 
age relationships, DeWeer et al. [54] suggested 
that the overall voltage dependence of the cycle 
may reflect that of a rate-limiting step or that of 
the steady state level of the intermediate entering 
that step. The assumptions of a rate-limiting step 
in the reaction scheme is a first approximation, 
but with no further experimental data, there is no 
reason to use a more complicated form. It has 
allowed us to obtain a relatively simple functional 
form for the pump and exchanger current densi- 
ties. However, this functional form is independent 
of the particular rate-limiting step. This implies 
that if different physiological conditions resulted 
in different rate-limiting steps, the functional form 
would not change, only the value of K, the equi- 
librium exchange rate. Also, with a lack of spe- 
cific experimental data for smooth muscle, a sim- 
ple functional form is helpful in reducing the 
number of parameters to be determined. 

The new expressions for the calcium pump, 
sodium-potassium pump and sodium-calcium 
exchanger were included with the passive trans- 
port mechanisms and the effect of each active 
transport mechanism as well as their interactions 
was examined. Decreased equilibrium exchange 
rates of the calcium pump, or increased equilib- 
rium exchange rates of the sodium-potassium 
pump and the sodium-calcium exchanger depo- 
larized the membrane voltage. Decreasing any of 
the equilibrium exchange rates affected the cur- 
rent densities of all the active mechanisms since 
there are interactions via voltage, intracellular 

and extracellular concentrations, metabolic con- 
centrations and the amount of energy released 
from ATP splitting. Increasing the concentration 
of ATP or the amount of energy released from 
ATP splitting led to a hyperpolarization of the 
waveform. The importance of the pump transmis- 
sion coefficient in this approach should be recog- 
nized. The oscillations in smooth muscle have 
been shown to be generated by metabolic, and 
not voltage dependent processes [17]. Therefore, 
it was introduced in this model of smooth muscle 
to represent the oscillatory and normalized time- 
variation of metabolic components. The specific 
form of the pump transmission coefficient was 
chosen to give the most realistic voltage wave- 
form. Its particular parameters affected the am- 
plitude, resting and plateau voltage of the wave- 
form. 

The experimental data required for this ap- 
proach not only involves knowledge of whether a 
rate-limiting step is present in the reaction 
scheme, and the equilibrium exchange rate for 
the rate-limiting step, but also how the metabolic 
components are expected to vary. This knowl- 
edge, together with current-voltage data will al- 
low this approach to be evaluated. The behaviour 
of the metabolic components is especially impor- 
tant, since it will determine the form of the pump 
transmission coefficient. At present, such data is 
not available for smooth muscle. Instead, an over- 
all model was developed and the parameters for 
the pump transmission coefficient were chosen to 
balance the concentrations in the model during 
the known physiological behaviour of the mem- 
brane voltage waveform in gastric smooth muscle. 
Given the importance of pumps in smooth mus- 
cle, expressions which were more than just linear 
dependencies on concentrations and which in- 
volved the cell’s energy source were required. As 
it turned out, the approach adopted offers an 
alternative to modelling pumps and exchangers in 
a whole cell model. 

Appendix A 

The expressions for the channel current densi- 
ties are given by a generalized form of the GHK 
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current equation. In this generalization, the as- 
sumption of local equilibrium and equal partition 
coefficients at the intracellular and extracellular 
bulk/channel interfaces is removed using SRT. 
They have the following form [21]: 

(68) 

and the channel/ interfacial concentrations are 
determined from the following equations: 

(69) 

(70) 

where I is the particular ionic species, J is the 
current density, D is the diffusion coefficient, z 
is the valency, [C,lO, [C,], are the channel con- 
centrations on the intracellular and extracellular 
sides of the membrane respectively, K&, K& 
are the equilibrium exchange rates across the 
channel interfaces on the intracellular and extra- 
cellular sides respectively, pi, j3’ are the intracel- 
lular and extracellular partition coefficients re- 
spectively and K is the channel transmission coef- 
ficient which represents the gating. 
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